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ACT Essentials

Unit m
CoORDINATE GEOMETRY

Objectives -

In this unit, you will:

* learn which coordinate geometry skills are tested on the ACT.
+ learn which question types are used to test these concepts.

+ practice using the 4 Questions to solve ACT-style coordinate
geometry questions,
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UNiT OVERVIEW

Coordinate geometry is a major component of the ACT Math
section. Students can use this to their advantage because many
of these questions are fairly easy if the student is familiar with

just a few formulas and concepts. This material is the focus of

Unit 5.

Each page of the unit focuses on a particular coordinate
geometry formula or concept, like finding the y-intercept or
slope of a line.The formula appears in a box at the top of the
page. A practice problem then follows, so that students can
v_.mnznm.ca:@ the formula on an ACT-style question. The unit
encourages students to use the 4 Questions for Strategic
Problem Solving to solve each of the problems.

Math Unit5 - 1
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¥
TEACHER"S NOTES
ACT Essentials
+ This page lists the skills that students need to solve the
coordinate geometry problems on the ACT. Go over the list Coordinate Geometry on the ACT
briefly and elicit definitions or examples. Ali of the material You will see about nine coordinate geometry problems on the Math
listed will be reviewed in this unit . section of the ACT. To solve these problewns, you must be able to: a
SR : : ) + find the distance between two points. :
» Briefly go over the "anatomies” of a point and a slope- " graph alinear equation.
. . * find the midpoint of a line segment.
Intercept equation., * write a linear equation based on 2 graph.
’ R — T .
e B . . . The Good News L » find the slope of a line based on its equation or graph.
S >m.ﬂrw,. m"m_m_..uw.. UO_Jﬁm ,OC?.E._.m ACT n_.mm_m almost mxn_r_m_<m_< Almost 21l coardinate - find the y-intercept of a line from its equation or graph.
- . with'the graphs of points and linear equations. In the rare mmﬂmj_ﬂ_sh__ﬁ%; + identify parallel and perpendicular lines by their slopes,
: L L . . . . will in
instances that questions involve other conic sections, the puints and lines. You will . . . i .
i e o - not need to deal with This may seem like a lot of material, but really it boils down to being
formulas for those curves will be provided. (Students who | graphs of parabolas, able to graph points and lines. _ b
.- wish to familiarize themselves with these curves can find the chipscs, o other complex i
formulas for circles, ellipses, and parabolas in the Math in a | Anatomy of a Point
. Nutshell reference at the end on Unit 1.) w.-%

x-coordinate y-coordinate

Anatomy of a Line
in Slope-intercept Form

wuwk+m

TT
slope  y-intercept

©Keplan. Inc.
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Slope -
- rise
slope = on
For the-equation y = mix + b (y-intercept form), the siope is m.

For two paints-(x,,y;) and {x,,%;) slope = M - ﬁ

The slope is not affected by the y-intercept.

1. What is the slope of the line having the equation 2y + 4x + 5 = 02

A -4

Moo W
i
R =

© What do | want to know?

& What do | know already?

© What can [ do with what | know?

¥ Written in slope-intercept form, the equation is

» So,the slope of the line is

ACT Essentials

The Standard
Standard

ACT coordinate geometry
problems often refer to
“the standard {x.y)
coordinate plane.” That
just means the same
coordinate grid that you
use in class.
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TeacHER'S NoTES
» Briefly review the boxed review information about slope.

+ Solve problem 1 as a group, using the information at the top
of the page and the Questions for Strategic Problem Solving.

Answers
1 B
@ What is the slope of the line?

® 2y +4x+5=0

The slope of a line in slope-intercept form is the
coefficient of x.

© To solve the problem, the equation must be written in slope
intercept form. . _

P Written in slope-intercept form, the m.ﬁcmzo: is
-1 o
y=-2x >
P So,the slope of the line is -2.

Math Unit5 3
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TeACHER'S NOTES

+ It is often useful to visually recognize the slopes of different
lines. Briefly go over the boxed diagrams at the top of the
page to review for students the graphic Bv_.mm.m:ﬁmﬁo:m of
positive, negative, 0, and undefined slopes.

+ Give students a moment to read and work on problem 2, then
solve the problem as a group using the Strategic Questions.

_._ §=usa=m__
1) Which of the a__oéim is true?
@ The line passes through the points (~1,~1) and (2,3).

© The problem can be solved by finding the specific slope, or
by making a quick sketch.
: _3-(-1_4
P For the points above, slope = o3
The slope must be positive.
Alternately, students could make a quick sketch of the points
and see that the line has a positive slope.

4 - Math Unit5

Problem Solving ¥

ACT Essentials

catigl

with a 6lance

Once you know what
positive and negative
slopes leok like, you can
rule out several answer
choices on slope problems

7

positive slope

N
N

negative slope

¥ ¥
0 _
X X
0 * 7 _
0 slope undefined slope

abmost instantly.

[=] lﬁplan. nc.

4  Math Units

2, Ifline m passes through the points Trlc‘ and (2,3} in the
standard (x,y) coordinate plane, which of the following is true of

© What do | want to know?
@ What do | know already?

© What can | do with what | know? .

the slope of line m?

E. it must be positive
G. it may be negative
H. it must be negative

J. it must be undefined-

K. itmustbe(

P For the points above, slope = =—

™ TTETITIICIEY




Parallel and Perpendicular Lines

Parallel lines have the same slope.

Perpendicular lines have negative
reciprocal siopes (like -2 and .

3. If, in the standard {x,y) coordinate plane, the lines 3y =4x-5and
¥ = kx — 6 are perpendicular, what is the value of k?

A,

O o6 w

Wl e Wb sl e

@ What do | want to know?

ACT Essentials

How Many )
Solutions?

Perpendicular lines always
have ¢ne common solution.
Parallel lines have no
commen solution, unless
they have the same
y-intercept, in which case
they are the same line and
have infinitely many
solutions.

8 What do | know already?

© What can | do with what | know?

b The siope of the first line is
P The second line is perpendicular, so it must have

asiope of

P kis therefare

"
2.
2
H
.5
-
-2
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TEACHER'S NoOTES

* Briefly review the slope relations of parallel and perpendicular
lines listed in the box at the top of the page.

* Solve problem 3 as a group, or let students work on it by
themselves, and then review the problem together.

Answers

3 D
© What is the value of k?

® The lines are perpendicular,

Perpendicular lines have negative reciprocal slopes.

© Both lines must be expressed in slope-intercept form. -

P The slope of the first line is lw..

v._.:mmmnoza_m:mmmnmﬁm:&n:_mn.mo::._:m;mzm.m
w |

slope of -z

» kis therefore ..W.

Math Unit5 5
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TEACHER'S NOTES

* Review the boxed information about y-intercept with
students, and then solve problem 4 as a group.

» Like many ACT problems, problem 4 does not directly ask for
the y-intercept. Instead, it gives a description of a y-intercept.
Students must know the B_mma:m of the term, not just the
formula for finding it.

* In the interest of clarity, only one method is given for
- finding the y-intercept of a line. It is also possible to substitute
* 0forxand then solve for y. if you feel this method would
be helpful for your students, you can solve problem 4 using
" both methods. g

Answer.
4 G
@ At which value of y does the line intercept the y-axis?

b "At which value of y does the line intercept the y-axis"
means what is the y-intercept?

A x-3y=9
13
P The line should be rewritten in slope-intercept form.

'» The equation written in slope-intercept form is

=1y
y=3x 3.

P So, the answer to the problem is -3.

6 - Math Unit 5

ACT Essentials

y-Intercept

The y-intercept of a line is the y-coordinate at
which the line intersects the y-axis.

For equation y = mx + b, the y-intercept is b.
The y-intercept is not affected by the slope.

Why Just y?

4. Inthe standard (x,y) coordinate plane, at which value of ¥ does the

If the test asks you to line x — 3y = 9 intersect the y-axis?
identify the x-intercept,
L : E -9
simply write the equation
in terms of x. The x intercept G. -3
.amﬁ__m equatien ¥ =2y - 5 H L
is =5, 3
L 3 -
K. 9
© What dio F want to know?_ -
» “At whi¢h value of y does the ling intersect the y-axis" means .
© What do | know already? Lo e
€ What can t do with what | know?
P What can | do with what | know?
P The equation written in slope-intercept form is
} So,the answer to the problem is
g
:
g
@
6 Math Units @
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Graphing Equations

Since the ACT is a multiple~-choice test, you will never be directly
required to graph an equation. For many problems, however, it will be
necassary to identify the graph of an aquation,

To graph an eguation:

» Write the equation in slope-intercept form:.

= Thenidentify the y-intercept.

« Frora the y-intercept, move to the right accerding to the run, and then
up or down according to the rise,

= A positive slope goes up, and a negative slope goes down.
. < fise
(Remember: slope = 75

5. Which of the following is an equation for the graph in the standard

(x, ) coordinate plane below?

¥
4

IS~
=
I
¥
|

@ What do | want to know?

& What do | know already?

€ What can | do with what | know?

ar

ACT Essentials

Will This 8e on
the Test?

You will never actually
graph a line on the ACT,
but the skills yeu need to
graph a line—identifying
slope and y-intercepi—
are key to answering many
guestions.

% @ kaplan,Inc”
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TEACHERS NOTES

+ As this page points out, students cannot be required to graph
a line on a multiple-choice test. However, graphing a line or
recognizing the graphic representation of an equation will
often be a necessary skill to sclve a problem.

= Review the method that is listed in bullet points for graphing
a line. This method can be used as a reference while solving
problem 5.

* Let students solve problem 5 individually, then review the
answers together.

Answers
5 B "
@ Which of the following is an equation for the graph?

@ Students should examine Em graph, as well as review the
method for graphing a line.

® The line has a slope of 2. {1t drops 2 units for every unit it
moves to the right.)
It has a y-intercept of -2.

The equation to describe the line is therefore y = -2x - 2.

Math Units 7
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TeACHER's NOTES

» This page reviews the distance formula and presents a typical
ACT-style distance problem.

+ The sidebar points out thatthe distance formula is a way of
using the Pythagorean theorem. If you believe your students
+will benefit from this connection, you may want to present
using the nﬁ:m@oqmm:. theorem as another version of the
distance formula (or vice versa).

* Solve problem 6 as a group. (This problem also presents an
_opportunity to review factoring radicals.)

Answers

6 H

@ What is the length of AB?
A A=(1,5),8=(71)

© Students should use the distance formula.
Distance=V(7-1)2+(1~-5)2 =
V(6)? + (-4)? =
V52 =213

P Students could also view the problem as a right triangle with
leg lengths 4 and 6.

8 - Math Unit 5

ACT Essentials

That's Why They
Call It Coordinate
Geometry

If you compare the
distance formula with the
Pythagorean theorem, you
can see that the distance
formula is a way of finding
the hypotenuse of a right
triangle.

© Keplan, lac.

8  Math Unit5.

.

Distance

Distance between two points (x,,y;) and
(0, ¥a) = V(xy IXLN + C\le._vm.

6. What is the length of AB in the diagram below?

@ What do | want to know?

€ What do | know already?

€ What can [ do with what | know? -

Distance=V( - 4 - ¥-=

» How could you use the Pythagorean theorem to solve the problem?

oo m
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E%ai

Miidpoint uhr 52 f22),

Or, {average of x, and x, ,average of y; and y,).

7. What are the coordiriates of the intersection of AB and its
perpendicular bisector?

The Eliminator
On cocrdinate geometry
problems with diagrams,
you ¢an often rule out a
rumber of answer chaices
by “eyebaliing” the
diagram. This can help you
make educated guesses if
you are running ot of
time,

@ What do | want to know?

» What is a bisector?

» Where does a bisector intersect a line segment?

8 What do | know already?

© What can | do with what | know?

midpoint = (—5—, —5—)

=( . )

¥ Could you make an “eyeball” guess 1o eliminate any of the answer
choices?

. @Kaplan, Inc.
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TeacHER's NOTES

» This page reviews the formula for finding the midpoint of a
line and presents a practice problem.

+ Many students find it helpful to think ofa midpoint as an
average of the two endpoints, rather than memorizing the
distance formula.

* If your students are familiar with the midpoint formula, they
could work on this problem individually or in small groups. if
they are having trouble, solve the problem as a group.

Answers
7 B

[

© What are the coordinates of the intersection of AB and its
perpendicular bisector?

» A bisector divides a line segment into two equal
segments.

P at its midpoint
O A=(15),B=(71)

© Students should use the midpoint formula.
147 5+1)_
5| = (43}

midpoeint =

P Students could probably look at the diagram and eliminate
most or all of the wrong answer choices.

Math Unit 5
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TeacHeRs NOTES

+ On the ACT, it is important for students to.understand that a
line is a graphic representation of all the number pairs that
satisfy an equation. Likewise, the intersection of two lines
represents the number pair.or pairs that satisfy both
equations. Many of the tougher coordinate geometry
-questions depend on this understanding. ‘

* Read .ﬁrﬂ_ocm: the text at the top of the page to review
this.concept. .

. -+ Then, review the boxed information and solve problem 8
“as a group.-

Answer

8 F

@ What is the value of k.

® y=2x-5and 3y=kx-2

P The lines that represent the equations are parallel.

© If the lines are parallel, they have the same slope.
P The slope of the lines is 2.
4 Wn 2,50 k=-6.

10 - Math Unit 5

ACT Essentials

Parallel vs. e
Coincdident
Both paralleland
coincident lines have the
same slape. Parallel lines
have different y-intercepts,
while coincident lines have
the same y-intercept, and
therefore are the same line.

© Haplan, Inc.

10 Math Unit5

| Solving Two Equations with Graphing

Points on a line represent number pairs that satisfy an equation,
and a line représents all the points that satisfy an equation. For two
equations, the intersection of their lines represents the number pair
that satisfies both equations. This number pair is sometimes called
“the solution of the system of equations,”

For a system of two linear equations:
intersecting lines (different slope} = 1 solution
paraliel lines (same slope) = no solution
coincident lines (same line) = infinite solutions

8. H the system of equations y = 2x— 5 and -3y = kx— 2 has no
solutions, what is the value of k7

H.
J.
K.

@ What do | want to know?

& What do | know already?

» What do you know about two
equations with no common solution?

© What can | do with what | know?

» if the lines are parallel, what is the slope of both lines? -

» What is the value of k?

TIIa 033333 Iarrr'rmmMmMm
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GuIDED PRACTICE

Solve the coordinate geometry problems below by asking the
4 Questions. Some of the steps have been completed already.
__r_.:T_:_.:_S._..ﬂ.w

ton vy 40 Which

1. Line tin the stundard (x,) coordinate
and is parallel to the line having the ¢
of the following is an equation tur ling (7

A y=-%x

B.

L]
|
W

H
¥
AT+

¥
Y
C y=
¥
¥

D.
E

€ What do | know already?

Line t is parsllel to 3x— Sy = -4
E_‘_m. Lhas y-intercept |.m.

€ What can | do with what | know?
if ling ¢ is parallel to Ix— By = —4,

the two lines will have slope.

Bx — By = —4 written in slope-interceps form is

S, line £ has a slope of

The equation for line ¢ is

@ Is that what | want to know? Am | done?

ACT Essentials

Problem Solving s
Coordinate geometry
gquestions on the ACT often
require you to use reasoning
o get to a solution,

©HKaplan, Inc.
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TeACHER'S NOTES

+ Solve the Guided Practice problems as a group, using the
4 Questions for Strategic Problem Solving.

Guided Practice Answers
i E

© if line tis paraliel to 3x - 5y = -4, the two lines will have

the same slope.

3x — 5y = —4 written in slope-intercept form is y H.w. + m_m|
3

3
The equation for line tisy = Wx -3.

So, line t has a slope of

Math Unit 5

11



TEACHER EDITION | ACT Essentials

TEACHER'S NOTES

» For the sake of consistency, this page suggests putting the -
equation in m_onm-m_:ﬂmﬁmvﬂ form before U_cw_mm:@ in the x-
coordinate. As in m:&:m. the y-intercept, it is not necessary to
do so. If you feel your students would benefit, you may wish
to also demonstrate solving the problem without expressing
the equation in slope-intercept form.

- Guided Practice Answers
2 G- |
" © What is the y-coordinate?

_ @.”s_._._ma | rewrite the equation in slope-intercept form, | get
y= Wx -2

When | plug the x-coordinate into the equation, y is 7.

12 Math Unit5

ACT Essentials

Plug and Go B
Seinie prablems that look
li%e complex coordinate
geometry questions really
just require you to plug in
one of the given variables
to find other variable.

ﬁKaﬁ1§m Inc.

12 MathUnit5

2. The equation 3x — 2y = 4 can be graphed in the standard (x,y)
coordinate plane, What is the y-coordinate of the point on the
graph whose x-coordinate is 67

-11
7

5

3
-11

o

© What do | want to know?

® What do | know already?
The point has x-coordinate 6.

The point will be gn the line Sx— Zy = 4,

The point is & solution of the equation of the line, so the

coordinates will make a true statement. when
plugged into the equation.

© What can | do with what 1 know?

x- and

When | rewrite the eauatiott in slope-intercegt form,

© s that what | wani to know? Am | done?

T I P Iy
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Guided Practice Answers
ACT Essentials
3 E
3. The midpoint of the line segment AC in the standard (x,p) . S .
coordinate plane has coordinates {4,8). The (x,y} coordinates of o What is the value of 5?
A ard Care (4,2) and (4,5), respectively. What is the value of s? : )
A 4 ® The midpoint has coordinates (4, 8).
o The endpoints have coordinates (4, s) and (4, 2).
D. 12 . .
E 4 © What can | do with what | know?
Meet Me Halfway . . _ .
@ What do | want to know? i pofts have the For the endpeint, s is the y-coordinate.
same X- or y-coordinate, H
@ Whatdo | know already? the midpoint will have that 8is M_Jm average of 2ands.
ot . coordinate also. All you _2+S
The midpeint has coordinates have to do is average the 8= |M
The endpoints have coordinates (4.5) and . other coordinates of the =14
endpoints to get 1o the 5=
© What can | do with what | know? . answer.
For the endpoint. s is the coordingte.
© |5 that what | want to know? Am | done?
s
w -
.._52_.. Unit5 ._.w.

T PP TSP

Math Unit5 13




TEACHER EDITION | ACT Essentials

TEACHER'S NoOTES

* Give students 4 minutes to solve these problems, then review
the problems as a group.

Independent Practice Answers

1 B

After covering the material in this unit, this should be a quick,
“easy problem. ]

2 K

- Parallel lines have the same slope.

3 B

Like the ACT, this problem requires students to use their
knowledge to draw logical inferences.

4 F
The hint points out that the distance in this problem is the
difference in y-coordinates.

14 ‘Math Unit 5 S

ACT Essentials

INDEPENDENT PRACTICE

Solve the problems below. Be sure to ask the 4 Questions.

L. What is the slope of the line determined by 3, Line £ is graphed in the standard (x,y)
the equation 5x + 3y = 13? coordinate plane as shown below. If the
A -I5 equation for line £ is written in the form

¥'=mx + b, which of the following is true
about m and bf

B.
C - Y
£

D.

E.

wila Gilus tijw Wk

HINT To write the equation in slope- -
intercept form, solve for y.

A. m and b are both positive.
B. m is negative and b is positive.
2. Which of the following systems of C e s positive and b is negative.
equations does NOT have a solution? D. either 7 or b must equal 0.
E. mand bare both negative.
E x+36=19
3x+y=6 SINT Look at the ling. Are the slope and
G. x+3y=19 y-intercept positive or negative?
x-3y=13
H Muﬂ ww = Ww 4. In the standard (x,)) coordinate plane

shown in the figure below, points A and B

J. x-3y=19 lie on line 1, and point C lies below it. The
3Ixty=6 coordinates of points A, B, and € are (0,5),

K. x+3y=6
3x+ =7

“HINT What is the slope relation of
lings that have no solution?

Hm ﬁ%zq The distance will
m be the difference
in y-coordinates,
14 Math Units am
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Unit 5 REKAP
Filtin the blanks to complete the sentences below,
+ In the point (2,3), is the x-coordinate,
* Inthe line y=-5x-2, is the slope and is the y-intercept. .
= Slope is over .
+ Vertical lines have an slope, while horizontal lines have a slope
of .
. lines have the same slope, while lines have slopes that
are negative reciprocals.
+ A system of two equations with no common solution is represented
by lines.
+ Lines that have the same slope and y-intercept are calied lines.
i
2
@

Math Unit5 - 15
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TEACHER'S NOTES

» Compléte this exercise quickly as a group or have students
complete it after class.

ReKAP Answers

+ In the point {2,3), 2 is the x-coordinate.

+ In the line y = -5x - 2, =5 is the slope and -2 is the y-intercept.
« Slope is rise over run. (or change in y over change in x.}

+ Vertical lines have an undefined slope, while horizontal lines
have a slope of 0.

+ Parallel lines have the same slope, while perpendicular lines
have slopes that are negative reciprocais. .

+ A system of two equations with no common solution is
represented by parallel lines. ‘ ‘

» Lines that have the same slope and y-intercept are called
coincident lines.

Math Unit5 15
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TeACHER'S NOTES

+ Give students 10 minutes to complete this Test Practice.Then
go over the answers as a group.

* Alternately, students can complete the Test Practice on
their own, and then the class can go over the answers and
explanations as a group later. If students do complete the Test
Practice on their own, remind them to time themselves, and
to take no more than 10 minutes.

+ Theanswer choices for questions 8 and 9 are erroneously
.. reversed. Have students switch the answer choices for these
two-questions. a

Test Practice Answers
1 E

Again, students may benefit from thinking of the midpoint as
the average of the coordinates. .

2 ]
Students who recognize this as a 3:4:5 triangles should solve
this problem very quickly.

3 D

Here, students must keep straight the signs of the terms,

4 K

Students should immediately recognize that the correct answer
must have a negative coefficient of x, and s0 m:Bm:mﬂm {F), (H),
and (J). ‘

16 - Math Unit 5
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TesT PRACTICE

Solve each problem below, and choose the correct answer.
You are permitted to use your calculator on this test.

1. In the standard {(x.,y) coordinate plane,
points P and Q have coordinates (2,3}
and {12,-15), respectively. What are the
coordinates of the midpoint of PQ?

A (6,-12)
B. (6-9
C. (6-6)
D. (7-9)
E. (7,-6)

2. How many units apart are the points
Pi{-1,-2} and Q(2,2) in the standard (xy)
coordinate plane?

2

A EQ
G e W

3. Ifx=-5then2x?—6x+5=7¢

A. 15
B. 15
C. 25
D. &5
E. 135

o
£
3
=
a
]
]
L]

16  Math Unit5

4. Which of the following is an equation for
 the graph in the standard (x,y) <oordinate

plane below?
¥
A
r6
3
)
1
\
3217 Y 2
)
g
Y
E y= 3x-2
G y=-3x+2
- 4
Hoy= 2x+3
L ¥= Wx+m
K wu1%x+m

) @)

(.

b

)

I

|
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. Test Practice Answers
ACT Essentials
5 C
5. In the figure below, what is the value of x? 8. For his newspaper delivery route, Francis >_HT_OC@T most Qmm@_.m_jm on the ACT are drawn to scale
can deliver 45 papers in 50 minutes, How : i A . ! .
g5° 1o many papers can he deliver in 60 minutes? students may occasionally see a problem like this one, which
F -15 is not.
G. -10
© H. -8 m H.H
L -4
AL 105° K. 10 This problem could be solved by Picking Numbers if students
B. 115°
C iz are stuck.
D. M&M 9. The line that passes through the points 7 W
E.. 255 " (1,1) and (2,16} in the standard (x5}
coordinate plane is parallel to the line that This problem involves two distinct stages, and so is somewhat
: passes through the points (-10,~5) and - .
6. Forallx 32552 (@,25). What is the value of a? time-consuming.
E &5 : A9
G 88 B. 45 8 D mmmv
H. Hmm C. 50 Errata: The answer choices for question 8 and 9 are erroneously
L 15 D. 54 .
K 153 E &0 reversed.
| 9 H(-8) |
7. In the standard () coordinate plane, line 10. If the lengths, in inches, of all three sides Errata: The answer choices for question 8 and 9 are erroneously
m is perpendicular to the line containing of 2 triangle are integers, and one side s ,_
the points (5,6) and (6,10). What is the 7 inches long, what is the least possible reversed.
slope of line m? perimeter of the triangle, in inches?
A -4 E 9 10 H
B _i m wm The sum of any two sides of a triangle must be greater than the
c i . 2t remaining side. Therefore, the sum of the two remaining sides
N 4 . . .
b 4 K of this triangles must be at least 8.The perimeter, therefore,
£ g must be at least 15 inches long.
o+
£
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